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ON THE CRITICAL ONE-COMPONENT VELOCITY REGULARITY 
CRITERIA TO 3-D INCOMPRESSIBLE MHD SYSTEM 

YANLIN LIU 


Abstract. Let {u, b) be a smooth enough solution of 3-D incompressible MHD system. 

We prove that if (u, 6) blows up at a finite time T*, then for any p £]4, oo[, there holds 

U (||u^(tOir 12 + Il^(f0ir 1 2 = oo. We remark that all these quantities are in the 

h'^^p 

critical regularity of the MHD system. 

1. Introduction 

In this work, we investigate necessary conditions for the breakdown of regular solutions to 
the following 3-D incompressible Magnetohydrodynamics (MHD in short) system 

dtu + u ■ Vtt — 6 ■ V6 -h Vp = Au, (t, x) G x 
.. s dtb + u ■ V6 — b ■ Vu = Ab, 

divn = div6 = 0, 

u\t=o = uo,b\t=o = bo, 

where u, p denote the velocity and scalar pressure of the fluid respectively, and b denotes the 
magnetic field. 

When the initial magnetic field bo is identically zero, the system (1.1) reduces to the 
classical Navier-Stokes equations, the global regularity of which is still one of the biggest open 
questions in the field of mathematical fluid mechanics. Of course, the analogous problem for 
the MHD system remains just as difficult due to the coupling with the magnetic field. 

This system has two major basic features. First of all, the total kinetic energy is conserved 
for smooth enough solutions of (1.1) 

(1-2) 2 (I|V^(^0IIl2 + \\Vb{t')\\‘j^2)dt' = -(||uo|li2 + ||^o|li2). 

The second basic feature is the scaling invariance. Indeed, if {u,b,p) is a solution of (1.1) 
on [0,T] X then {u,b,p)\ defined by 

(1.3) {u, b,p)\{t, x) Ax), Ab(A^t, Ax), )?p{A?t, Ax)) 

is also a solution of (1.1) on [0,A“^T] x M^. This leads to the notion of critical regularity 
corresponding to the System (1.1). 

Before Proceeding, let us set 

(1.4) D V X u, j V X 6, cj D ■ e^ d j ■ with = (0,0,1). 

Motivated by the critical one component criteria in [6] by Chemin and Zhang for the 3-D 
classical Navier-Stokes system, Yamazaki [9] proved the following regularity criteria for the 
System (1.1): 
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Theorem 1.1. Let Hq^Jo & Then the MHD system (1.1) has a unique solution 

(u,b) on [0,T*[ such that u,b e C{[0,T*[;Hh{R^))f]Ll^{]0,T*[;H^R^)) and 

sup (||i^(t)p 3 +||j(t)l|l 3 )+ r [ ^\y/(^ri + j)\‘^\n + j\-h + \vin-j)\^\n-j\-" 2 )dxdt' 

iG[ 0 ,T] Jo Jr3 

(1.5) i^C{l + \\Qo\\\ +\\jo\\\)ew( [ {\W{t')f 3 +\\b{t')f 3)dA < oo, 

Z/2 £/2 \ Jq Tl 2 Jri 2 / 

for any T < T*. Moreover, for p g] 4, 6[,pi > 9,P2 > we denote 


ll^l|5'Cp,pj,P2 
IfT* < oo, then 


JL^llhllP 


1,2 “ 1 “ 


"lpi + I|V^IIlp 2 ) with -1 — 1,-1 — 2. 


Pi ri 


P2 


r2 


r-T* 


( 1 . 6 ) 


3('+'U|P 


\m{f 


+ \\Ht')\\sc,,,„,,)dt' = oo. 


It is easy to check that when T* = oo, the quantity (1.6) is scaling invariant under the 
scaling transformation (1.3). 

The main result in [6] states that if tt is a Fujta-Kato type solution to the classical Navier- 
Stokes system on [0, T* [ and if T* < oo, then (1.6) holds for p g] 4, 6[ with 6 = 0. Very recently, 
this result was extended by Chemin, Zhang and Zhang in [7] for p g]4, oo[. Corresponding to 
[7], the purpose of this work is to extend p in Theorem 1.1 to be in ]4, oo[ and to get rid of 
the terms ||6||2 pi + ||V6||2)2 ^ (1.6) by using the symmetric structure of the MHD system 
(1.1). One may check [9] and the references therein for the other types of regularity criteria 
for the MHD system (see [3] for instance). 

In all that follows, we consider initial data (rto,6o) with Do,jo £ L^{R?) so that Theorem 
1.1 always holds. We shall concentrate on the proof of the extended regularity criterion. In 
order to do so, let us recall the following family of spaces from [7]. 


Definition 1.1. For r in [3/2,2], we denote by the spaee of divergenee free veetor fields 

3 

with the vorticity of which belongs to La riLv 


Let us remark that, if we denote 


(1.7) 



1 

2 ’ 


the dual Sobolev embedding Lf ^ H together with Biot-Savart’s law implies that 
is a subspace of Lfa p| 

Our main result states as follows: 


Theorem 1.2. Let us consider initial data uo,bo G V^. If the lifespan T* of the unique 
maximal solution (u,b) given by Theorem 1.1 is finite, then for any p g] 4, oo[, we have 

( 1 . 8 ) [ ('||«^(tOf. 1 + 2 + ||&(t')f. 1 + 2) ht'= oo. 

Jo V H^^pJ 

Let us complete this introduction by the notations we shall use in the whole text. 

Let A, B be two operators, we denote [A] B] = AB — BA, the commutator between A 
and B. For a < 6, we mean that there is a uniform constant C, which may be different on 
different lines, such that a < Cb, and a ~ 6 means that both a < b and 6 < a hold. C stands 
for some universal positive constant which may change from line to line and Cq denotes a 
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positive constant depending on the initial data only. For a Banach space B, we shall use the 
shorthand L^{B) for LP{]0,t[', B). 


2. Scheme of the proof and the organization of the paper. 


In fact, we shall prove the following more general version of Theorem 1.2: 


Theorem 2.1. Let r G [3/2, 2[ and uo,bo G V’’. If the lifespan T* of the unique maximal 
solution {u, b) given by Theorem 1.1 is finite, then for any p G ]4, [, we have 

(2.1) / (\\u^{t')f, 12 +\\b{t')\f. 1 2 ) dt'= oo. 

Jo V H^^pJ 

The main idea of the proof here basically follow from [6, 7, 9]. We first recall some 
important definitions and notations. Let 

Vh (-^ 2 , 9i), and Ah dl + d\, 
for any / = /^) with div/ = 0, we write 

(2.2) + /h, with Vi/Ai/i(V X /) • e^, 

This is sort of Hodge decomposition for the horizontal variables, and we emphasize that this 
is a key identity to be used frequently in what follows. Moreover, because of the operator 
VhAj/^, it is naturally to measure horizontal derivatives and vertical derivatives differently. 
This leads to the following definition of the anisotropic Sobolev spaces. 

Definition 2.1 (Definition 2.1 of [6, 7]). For (s, s'') in denotes the space of tempered 

distribution a sueh that 

h\\%s,s' f l4Pl?3p^1a(0PcfC < 00 with 4 = (6,6)- 

Jr^ 

For a{r) given by (1.7) and 9 G]0,3a(r)[, we denote , 


Then it follows from (2.7) of [7] that 
(2.3) < ||tt||^l_3c(r). 

To use the space efficiently in the proof, we need to rely them on anisotropic Littlewood-Paley 
theory and also anisotropic Besov spaces. These will be done in the following section. 

The first step to prove Theorem 2.1 is the following proposition; 


Proposition 2.1. Under the hypothesis of Theorem 2.1, for any p G ]4, [, 

constant C exists such that for any t < T*, we have 


(2.4) 


^(ll(r+)r(t)||i. + ||(r_).(t)||i.) 

+ ^^7^/*(llv(r+)i(0lli2 + ||v(r_).(Olli2)dt' 

<(z(ii‘^oirL. + iidoirLO 

+ \\Vd3y+{t')f^e,r + \\Vd3Y-{t')f^e,rdt'y)-S{t). 


G]0,a(r)[, a 
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Here and in all that follows, we always denote 

r+ =^co + d, r_ =^Lo - d, v+ 

(2.5) 


= uj + d, r-"=uj-d, V+=^u^ + b^ 

t 


and 


aa =^T^|a|", S{t) =^exp(c f (||u^(tOr. 1 + 2 + Il&(i 0 r. 1 + 2 

|a| V Jq h^+p h'^+p' / 

for scalar function a and a G]0, 1[ 

To prove this proposition, we need to use the structures of the equations for uj and d, 
namely (4.1). The quadratic terms • Vhcu and • Vhd look dangerous. As in [6, 7, 9], 
a way to get rid of it is to use an energy type estimate and the divergence-free condition. 
Here we shall perform an U energy estimate for a; and d based on the following lemma. 

Lemma 2.1 (Lemma 3.1 of [6]). Let r be in ]1,2[ and uq a function in L’’. Let us consider 

; L’') and v a divergence free vector field in Lf^^{W'^] L°°). If a solves 

dfU — Aa + V ■ Va = / 
a\t=o = ao, 

then |a |2 belongs to ] L"^) f] L‘f^^{M'^; H^) and 


a function f in Lj^^ 


|a(t, x)\'' dx + (r — 1) 


|Va(t',x)na(f',x)!’’ ^dxdt' 


\aQ{x)\'' dx + 


f{t',x)a{t',x)\a{t',x)\^ ^dxdt'. 


_ 1 

^ JR'^ Jo 

The proof of Proposition 2.1 is the purpose of the fourth section. 

We remark that for the MHD system (1.1), additional difficulty arises in the estimate of 
||V93V+||^2(-^e,r) + II V^sV-||^ 2 (-^e,r) due to the appearance of terms like 2 {dib^ - 820 ^ —d 2 b^ ■ 
diu^) in right-hand side of (4.1). This is the purpose of the next proposition. 

Proposition 2.2. Under the hypothesis of Theorem 2.1, for any p G ]4, ^ £ ]3a(r) — 

|, a(r) [, a constant C exists such that for any t < T*, we have 

||53V+(t)||^,,. + ||93V_(t)||^.,. + [\\\Vd3V+it’)\\le,r + \\Vd 3 V.it')\\le,r)dt' 


< 

('N_/ 


ll^^olli. + IUoll 


2 -L 

Lr 







hi + 11^^ 


H^'^p 


) 


( 2 . 6 ) 


2(2Q(r)+i) 






||v(r+)r||;, " +ll(r-) 


2(2a(r)-ri), 

2 '1^2 


,2(l-i)^ 


l|v(r_)r||;2 ^0 

I|fe'll^i+|)(ll(r+)r||i2 + ||(r_).||i2)'(“(’’^+^) 
x(l|v(r+).||i2 + ||v(r_).||i2)'-i)dt')T(t). 




l7/3||2 , 

\U . 1 , 2 -|- 

H^-^p 


The proof of Proposition 2.2 is the purpose of the fifth section. 

Finally we close the estimates by the following proposition: 

Proposition 2.3. Under the hypothesis of Theorem 2.1, for any p G ]4, ^ £ ]3a(r) — 

-,a{r) [, a constant C exists such that for any t < T*, we have 


(2,7) 






lL?L2 


+ + IliolH'G"’’”'’'”) exp(C£(()), 
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||53V+(t)||^e,, + ||93V_(t)||^e,r 

(2.8) +/ (||V53V+(t')||?^.,. + ||V53V_(t')||?^«,.)«!^ 

JO 

^(ll^^ollL + IIjoIIL) exp(C'£:(t)). 


The proof of Proposition 2.3 is the purpose of the sixth section. 
Now we have controls on the quantities 


(2.9) 


sup ||(r+)(t)||i., r \\ViT+)r\\l,dt', r \\Vd^Y+\\\e,rdt' and 
tG[0,T*[ JO JO 

sup ||(r_)(t)||i., r ||v(r_).||i.dt', r \\vd3Y-\\ls,rdt'. 
tG[ 0 ,T*[ Jo Jo 


We want to prove that all the above quantities prevent the solution of (1.1) from blowing up. 
The details will be presented in the last section. 


3. Preliminaries 

In this section, we first recall some basic facts on anisotropic Littlewood-Paley theory from 
[1, 4, 8], and then we collect some interesting estimates from [6, 7] that will be used later on. 

3.1. Basic facts on Littlewood-Paley theory. Let C '=^ {.^ G : | ^ |^| ^ |} and 
^ def ^ . 1^1 ^ 4|^ There exist two radial functions y G V{B) and ip G T’(C) such that 

+ = J](^(2-^e) = l, V^GM^UO}. 

jpo jGZ 

For every a G 5^(M^), we recall the dyadic operator for both isentropic and anisotropic version 



K,a = F-\p>{2-^\f,\)d), 

S,a = B-\x{‘i-^\i\)d), 

(3.1) 

K\a = B-\ip{2-^M)afi 

Sla = F-\x{2-^M)a^ 


K}a = F-\p,{2-^U)a), 

SJa = F~\x{‘^-%o\)a 

where = 

(?i)? 2 )) IFa and a denote the Fourier transform of a. 


Moreover, it is easy to verify that for any u in which means that u belongs to S' and 
satisfies lim ||5ju||Loo = 0, there holds u = 

Let us recall the homogeneous isentropic Besov space from [1]. 

Definition 3.1. Let 1 ^ p, r ^ +oo and s G M. For any u in 5(j(M^), we set 

• For s < I (or s = | if r=l), we define (M^) ='^ {u G 5l(M^) : ||u||ns < oo}. 

• If there exists some positive integer k such that | + A:^s<| + A: + 1 (or s = ^ + k + l 

if r=l), then we define as the subset of distributions u in 5(^(M^) such that 

d^u belongs to whenever \fi\ = k + 1. 
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We remark that in particular, i3| 2 coincides with the classical homogeneous Sobolev space 
Similarly, we can also define the homogeneous anisotropic Besov space. 


Definition 3.2. Let us define the homogeneous anisotropic Besov space (.6*2^2)v o,s 

the subspace of distributions u in such that 


u 




def 






e&z 


n 


is finite. 


We remark that in particular, (i ?2 2 )h (-^2 2 )v coincides with the homogeneous anisotropic 

Sobolev sapce and thus the space is the space given by 

Definition 2.1. Let us also remark that in the case when qi is different from q 2 , the order of 
summation is important. 

By virtue of the above definitions, one has 


X Ky± 


Lemma 3.1 (Lemma 4.3 of 

We also recall the following Bernstein type lemmas; 


< 

rsj 


P><? 


> iCL^dil LilC iUliUWlilg UCiilOLClli tjpC ICiliilidO. 

L2 (Isentropic version, see [1]). Let C be an annulus and B a ball of M" 
igative integer N, and 1 ^ p ^ q ^ 00 , we have 


Lemma 3 ..^ VCi-OlWll, OCC [J-jy* 

any nonnegative integer N, and 1 ^ p ^ q ^ 00 , we 

II t^N II def I 

\\L> a\\L<i = sup I 

|o|=Af 


. Then for 


Supp a C XB 


< 


y^+3(p 9^||a||LP, 


Supp a C AC A^llalliP < ||D^a||LP < A^||a||LP. 

Lemma 3.3 (Anisotropic version, see [4, 8]). Let Ch (resp. C^) be an annulus of (resp. 
MvJ; d-nd B}i (resp. B^) a ball of (resp. MvJ- Then for any nonnegative integer N, and 
1 ^ P 2 ^ Pi ^ 00 and 1 ^ q 2 ^ qi ^ 00 , we have 

Supp a C A^h ^ ^ 


Supp a C XBv 


(Lfi) 




'h 


Supp a C ACh ^ hh^iLfi) < A ^ sup \\d^a\\^Pi,^n., 

by-) 1^1^^ h ^ V ; 

Supp a C ACv 

As a corollary of Lemma 3.3, for any 1 ^ P 2 ^ Pi ^ 00 , we have 




/hV^Pl,92 


l“ll(Bp^,«)h(Bpi,2)v 


3.2. Some technical inequalities. For the convenience of the readers, we recall some in¬ 
equalities from [6, 7] that will be used in what follows. 

Lemma 3.4 (Lemma 3.1 of [7]). For r in ]3/2, 2[, we have 

(3-3) l|Va||z,r < ||Var 112,2 ||ar||£2 ^ 

Moreover, for s in [—3Q;(r), 1 — C({r)], we have 


(3.4) 




<l|Va.|| 


3Q;(r)-|-s 

L2 


Or 

2 


II 1 —«(r)—s 

IIl2 
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Lemma 3.5 (Proposition 3.1 of [7]). Let u be a divergence-free vector Reid. For 6 g] 0, 3a(r)[ 
and (3 g] 0, l/2[, we have 


(3.5) 


\u 




2,1 


< 




|2o(r)+/3 

Il2 


l|Vu;r|li/ + ||53u2 


1/3 

1^0,r 


llVSsn^ 


11-/9 

1-^0,r- 


It is easy to observe that the proof of Lemma 5.2 in [7] implies the following inequality: 

Lemma 3.6. Let f = = (5'^5'^5'^) and Then for any p in 

]4, [ and any 9 in ]3a(r) — 2/p, Q;(r)[, we have 


\{f^ • 1535^)^0, r I < \\g^ 

(3-6) . 3 




h ||2 


,A-3a(r)-|-0. A-i-0 


+ l|535ll^i_3„(,)+9,i_i_e + 11/ 


h| 


(BiiUB. 


__3cW-| l|V535^||^0,r 


4. Proof of Proposition 2.1 

The purpose of this section is to present the proof of Proposition 2.1. Note that uj = 
diu^ — d 2 U^, d = dib'^ — d 2 b^, then it follows from (1.1) that 

dtOJ + u ■ Vcj — b ■ S/d — Au = diu ■ S/u^ — d2U ■ S/u^ — dib ■ S/b^ + d2b ■ S/b^, 
dtd + u ■ Vd - b ■ S 7 uj - Ad = diu ■ Vb^ - d 2 U • V6^ - dih • Vn^ + ^26 • 


from which, and divu = div6 = 0, we deduce 

(4.1) 


dtOJ + u ■ S/oj — b ■ S/d — Auj = {dsu^oj + d2U^d3U^ — diu^d^v?) 
-{dsb^d + d 2 b^d 3 b^ - dib^dsb'^), 

^ dtd + u ■ S/d — b ■ S/oj — Ad = d^u^d — d^b^u — diu^d^b'^ + d2u/d3b^ 
Ldib^d^u'^ — d 2 b^d 3 v} + 2(9i6*^ • d 2 v!^ — d 2 b'^ ■ div/'). 


Summing up these two equations gives 

dtr+ + u • vr+ - b • vr+ - Ar+ = a 3 V_r+ 

^ ^ — 9iV_93(u^ + b^) + 92V_53 (u^ + b^) + 2(9ib*^ • 9211 '^ — ^ 26 *^ • Siu'^). 

Since divir = div6 = 0, we get, by applying Lemma 2.1, that 


(4.3) 
where 

(4.4) 


l||(r+);{t)lli2 + 

r 2 ^ ./o 


h = 


h = 


f Iiv(r+);|p^,<it' = + d„)||2, + •£!, 

■^0 i=l 

d3Y.r+{r+i_,dxdt', 

J {-diY.dsiu^ + b^) + d2Y-d3{u^ + b^)) (r+x_^dxdt', 


h = 2 


{dib^ ■ d2U^ - d2b^ ■ diu^){T+)^_^dxdt'. 
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We first get, by using integrating by parts, that 


\h\^r \\.\\dsT+\\T+r^dxdt’ 


= r \Y_\\d3T+\\{T+)r\7rdxdt' 


(lln^ll ^ + ||63|| ^)||53r+||i.||(r+)rrep(.-i) dt', 

Jo Lp=^ Lp=^ 2 


where r' denotes the conjugate index of r so that y + ^ = 1. As p G ]4, [, we have that 

P-2 
2p 


r' ■ g] 0, 1[, then Sobolev embedding and interpolation inequality imply that 


ll(r+)r 


2r-p(2-r) , p-2 

ep(P 1 ) < ||(r+)dL.,.^ < ||(r+)d|,r^’-^> ||v(r+).||^,^^ 

2 ^ 2pr-3p4-2r 2 fj “2^ 2 2 


• 1^2 3p 

from which, p{W^) and (3.3) of Lemma 3.4, we infer 


2 


|/i|< / (llnILi^| + ri|.i^l)||(r+)d|£,||v(r+)d|£,dt'. 


/o 


+ p " "h^^p' 

Applying Young’s inequality, we obtain 


(4.5) f\\v{r+)r\\l,dt' + c Alln^ii^’ +||63f )||(r+)p||2,dt'. 

r Jo Jo H^^P H^^P ^ 

In order to deal with I 2 and Is, we need the following lemma: 

Lemma 4.1 (Lemma 4.1 of [7]). Let 6 g] 0, a(r)[, cr Gjr'/d, 1[, and s = ^ + 1 — Then 


(4.6) 


V • 9h5 • hr-idx\ < min{ \\f\\Lr, 11/11^9^} Ibilijs \\hr || 


Next, we estimate l 2 - We first write by (2.2) 

(4:.7) I 2 = l 2 ,l + h, 2 , 

where 


12.1 - A y (9iV_53ai Ah ^r+ + 92V_5392Ah ^r+) {r+i_^dxdt', 

12.2 =AV (^iV-52Ah^a|V+ - d2Y-diA^^diY+){T+\_^dxdt'. 


Applying Lemma 4.1 with / = d 3 T^,g = V_,/i = r+, Gagliardo-Nirenberg inequality and 
(3.3), we get 


1-^2,l| < 

Jo 




\J^ II •- 


2_l 2 /I \ 2cr 

^■'||v_||^3_2.i|(r+).||^,^“ ^||v(r+)5||5 


Aiv(r+)r||i2||(r+).||£; 

ri|v_||^3_^||(r+)5||^i^-^V(r+)r||^l^+^^dt' 

^ 0 


dt' 
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Choosing a = , which is between ^ and 1 since p G ]4, [, gives 


— 2(1——) 

IAil</ (ll«='ILui + l|4’ILui)ll(r+);llfcl|V(r+);|i;. 'V. 


'0 


Then by using Young’s inequality, we get 


(4.8) \\^{T+)r\\h+C ! (Iln^f +||63||P )||(r+).||2,dt'. 

4r^ Jq 2 ^ Jo H'^+p H^+p 2 

Similarly by applying Lemma 4.1 with / = cl|V+, (/ = V_, h = r+, and a = we get 


1^2,2 I < 


iV+||^«,.(||n3||^3_^ + ||63||^3_^)||(r+).|||^dt' 




< 

rv_/ 


< 

rs_/ 


r(l-o-) 


a(r) 


+l|6®r, a. 

r' 


^ II . 1.2 
H^^P 


X Klln^r +||63f )||(^+).||2,^- 


-—Q;(r) 

T) V / 




As we have ^ + a(r) + (^ — ci(i’)) + (^ “ p) = !> applying Holder’s inequality ensures that 


1-^2, 2 I ^ 




2 


I 3 IIP 
F 11 1,2 

H^ + P 


+ lifter 


• 1-l2 

H^^P 


a(r) 


X ( / (Il«'r.u2 +ll&'ir.ma)ll(r+)r||i.dt')" T ||V(r+). 


HU-' 




i_i 
2 jvI 2 p 


Then applying Young’s inequality leads to 


(4.9) 




Combining (4.7)-(4.9), we obtain 


|/2|^ 


r-1 /•* 


\N{r+)dl2 + \\viT_)r\\l,dt' 


2r2 


(^• 10 ) + C' f (llii^ir. 1^2 + ll&^ir. 1^2 ) (ll(r-i-)r 11^2 + ||(r_)r ||^2)dt' 

Jo H^^P H^ + P 2 2 

4 + 


+ c 


|^3||P ^ ^ ^ ||;,3,|P 


H^'^P H'2-' 

We now turn to the last term I^. Use (2.2) once again, we write 


(4.11) 


73=2 


J J(^dib^ ■ d2{V([A^^uj 

- d2b^ ■ di{V(^A-^oj - V^A-^d3d){T+)r-idxdt'. 
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By virtue of Lemma 4.1, with / = VhW, g = h^, h = and a = ^ , we get 

d,b^-d2ViA-MT+l_,dxdt'\< ri|Vhw||LHI&"ll^i+2(i-^)ll(r+)r||f,dt' 


< 


< 


< 

r\-/ 


(||Vhr+||i. + ||Vhr_|U.)ll^'^ll^i+2(i-^)ll(r+)r||J,dt' 


--1 


-1, 


(||Vh(r+).||^.||(r+)r||£, + ||Vh(r_).||^3||(r_)r||£, 

2 /-|_ \ 2(7 

^ 116^11^1^1 (||(r+). Ilf, + ||(r_).||| 3 )(||v(r +).||^2 + ||v(r_).||i.)'('-?)dt', 


where we have used the fact that to = ^(r+ + r_). The same estimate holds for f d 2 b^ 

diV^A^^uj(r+)j._j^dxdt'. 

Along the same line, applying Lemma 4.1 with / = V^dsu^, g = b^, h = F^, a = 
and the fact that = ^(V+ + V_), yield 



Si 6'"-52 Vh A ^ CI3 (r+) ^ dxdt' 





1 U 


< 

rs_/ 


< 

rv_/ 




+ ||Vh53V_||^,, 


h||P 


. dt' 


\a{r) 


0 

t \ ——Q:fr) ' 

a IKrUilli.dL- 

_ff2 + p 2 




(^V(r+)5lli2dt') 


i_i 

2 p 


The same estimate holds for f*f d 2 b^ ■ 5iVhAj^ ^93U^(r+)^_^dxdt'. 

Therefore by applying Young’s inequality, we obtain 

|i3l <^^'(l|v(r+)j||=, + ||v(r_).||i,)rf(' 

(4-12) +c /'l|6‘'r .^i(ll(r+)j|li. + ||(r_)||||0*' 

Jo P 12 22 

'\n0.r + \\^hd3y-\\ls,r)dt'^" 


+ c 


i+zdt' 


Summing up (4.3)-(4.5), (4.10) and (4.12) leads to 


1 


Il(r+)r(t)||i2 + 


/'‘liv(r+)j||i,-^ /'‘liv(r_)5iii,rft' 


(4.13) < Idkolit. + lldolli,) +c^‘(||(r+) 5 iii, + ||(r_);||i0(ll 

.||L.' + IY«3V_|||(., 


1+2 + iifeir. i. 2 )dt' 


+ C 


{ii»dr .,3 + ii3ir .,3 


1-S 
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Along the same line, we can get a similar estimate for (r_)|, namely 

i||(r-)5(i)lli. + ^l^£l|v(r_)5fy-^£||V(r+).||iWi' 

(4.14) <: + Ikiolli,) + C jf'(||(r+);||i, + ||{r_) 5 ||i,) (llAf + mr.^ijdt' 

+ c(f (llvasV+lllj,,, + ||Vft,V_||5a,,,)dt' 


.*=+lie. 


/o 

Summing up (4.13) and (4.14) and then using GronwalPs inequality gives rise to 

rt 




h + Il(r-)r(t)||i 0 + ^yj|\l|v(r+)r||i2 + \\V{T_)r\\l,)dt' 


(4.15) < (-dieoir^. + iidoirLi-) + ( wvdsY+f^e.r + wvdsY.f^o.rdty 


1^2 + 


rt 


ir 1,2 dt'V A ■ exp(c I 
/ V Jo 


1 + 2 + \\b\f. l + 2 )dt' 


lo 

This completes the proof of Proposition 2.1, once we notice the elementary inequality 

2.7gCia: < gC 2 a:^ V 7 ^ 0 , X ^ 0 . 

5. Proof of Proposition 2.2 
Applying on the third components of (1.1), we obtain 

dtd^u^ - Adsu^ = -d 3 U- Vu^ - {u • V)d 3 U^ + ^36 • Vb^ + {b • V)d 3 b^ 

3 

-5|(-A)-i ^ {deu^dmu^-deh^dmh^), 

l,m=l 

dtd3h^ - Ad3b^ = - d3U ■ Vb^ - {u ■ V)93&^ + ^36 • Vu^ + (6 • V)d3U^. 

Adding these two equations gives 

dtd 3 Y+ - A 93 V+ =-d 3 U- VV+ + d 3 h ■ VV+ - u ■ V 93 V+ 

3 

+ b ■ V(93V+ - 5|(-A)"^ yy ((9fu“5mU^ - dt\y^dmh^). 


(5.1) 


£,m=l 


We write 


-d 3 u ■ VV+ + d 3 b . VV+ = - ^ d 3 {u^ - b^)diY+ - {d 3 u^ f + {d 3 b^)\ 


t=i 


3 

{d,U^dmU^ 

£,m=l 


2 

dtb^d^b^) = Y, {diU^dmU^ - dib^dmb^) 

r,m=i 

2 

+ 2 ^(53U^a,u3 - dsb^deby + {d3U^f 
e=i 


{d3b^?. 


and 


toh 
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Then we take the inner product of (5.1) with 93 V+ to obtain 

(5.2) —im+mne.r + WVdsY+f^o.r =-Y.^h, 

2=1 

with 

Ih ((/d + 5|(-A)-i)((53«')' - (a363)2)|93V+)^,,,, 

2 

1/2(9|(-A)-i ^ 

(., 171=1 

Ih E(^3(^' - 6')5,V+|93V+)^,,., 

(=1 

Ih (25|(-a)-i Y,{d^u^d,u^ - d^h^d,h^d^\+).^e,r, 

(=1 

Ih {{u - b) ■ V53V+|53V+)^,,,. 

Let us first recall the following lemma from [7]. 

Lemma 5.1 (Lemma 5.1 of [7]). Let A be a bounded Fourier multiplier. If p and 6 satisfy 

(5.3) 0 < 0 < i 

2 p 

then we have 


< 

r I rs_/ 




^-3c«(r) + e,^-i-e Hull jj.^-3a(r) + e,.|-i-e 11^ 


H^~ 


■ 2-p- 


■ 14.2 . 

'h^^p 


\{AiD)ifg)\dsh^)^,^ 

Noting that p > 4, r > |, we have ^ ^ < 1, and hence 6 < a{r) < \ — ^1 he. the 

condition (5.3) is satisfied under the assumption of Proposition 2.2. Because SlA”^ is a 
bounded Fourier multiplier, applying Lemma 5.1 with / = ^sV+jg = SsV-,h = u + b, gives 


(5.4) 




While a direct calculation from Definition 2.1 gives 


■,i- 3 c,(r)+e.i-i-e ^ 




l«(01" (1^1 |a(01) ^ 




if) 


is(f)i"ifhp-®“'’'>+'''i&r"''<!^ 

(/ |a(f)Plftlf.,P<-3«W+«)|^3|-2<-rf^A, 

J 


l^^-3a(r) + S.l-i-S ^ lloil^e 


,J|Va|| 


p 


that is 
(5.5) 

Applying (5.5) to 93V± in (5.4) gives 

l^^ll < l|V+||j^i+|||53V+|||,,J|V53V+||f,,J|53V_|||,,J|Va3V_||f,, 
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then Young’s inequality and mean inequality ensure 

(5.6) \Ih\ ^l(||va3V+||^,,. + ||V93V_||^«,.) +C||V+r 1^^(1153V+||^«, + ||a3V_||^.,). 

For II 2 term, one key point is to write it in a symmetric form, namely 
2 


7/2 = (5|(-A)-1 ^ hd,(u^ + bndm{u^-b^)+deiu^-bndm{u^ + b%d3V+ 


^,m=l 


y^e,r 


Applying the Hodge decomposition for the horizontal variables to ±b^, and noting both 
and ^ are bounded Fourier multipliers, then Lemma 5.1 ensures that 

^11 v+11^i_^i (IICI3V-1-11^1 1 _i_g + ||r_i_ 11^1 1 

X (||'93V_ 11^1 _3Q,(,,)^g 1 _i_g + ||r_ 11^1 1 . 

Yet it follows from Lemma 3.1 and Lemma 3.4 that for any function a 


(5.7) 


|o|l ■ ^ no'll ^■^l_3a(r)-l ~ IIO4 11X^2 


H 


^-3a(r) + e,^--- 


H 


2Q:(r)+ — A 

1|Va.||£„ 


where p' denotes the conjugate index of p. Then applying (5.7) to Fj., (5.5) to CI 3 V 3 - gives 

1 ^/ 2 ! <l|v+|| (11^3 v+|||,j|v 53V+||J,,, +||(r+)||||3^'“^’'^||v(r+).n 


A+2o(7-), 


X (||93V_||^,+ ||va3V_||^,,„ + ||(r_).||£, ^||v(r_).||2,), 

which implies that 


(5.8) 


l^^ 2 | A -(||Va3V+||^<,,. + ||V53V_||^«,.) +C||V+||P 1^^(1193V+||^.+ + ||53V_||^«.0 




+ CIIV+II m+l(||(r+).||5^^'“^'^V(r+)|||f2 + ||(r-)r||L^^'“^'^V(^^ 


2 

1 I|F 

'§IIl2 


On the other hand, for any real valued functions a and b, and any couple {a, 13) G 
applying Holder’s inequality gives 


(5.9) 


i(a|6)^.+i= / i4r®“('’)+'''-“i6r^-''s(oi4n6i%)dc 

A ||o|| j:/-6c«(r)+2e-a,-^-2e 11&|| j:^c«,/3 • 

Note that 4 < p < and 3a(r) — | < ^ < 0 ({r), we have | + 3a(r) — 9 g] 0, 1[, and hence 

|^^|2(l-6a(r)-|+20)|^^|2(|+3a(r-)-20) ^ |2(-3a(r-)+0) |-20 . |2(l-3a(r)-1+0) |2(|+3a(r)-0) 

A |eh|2(-3“W+'') 161-2^1^12, 

which implies for any function a 


^l-6a(r)-^+2e,^+3a(r)-2e 


-28= I l^hl 


2(l-6Q(r)- |-r2e) |2(|-r3a(r)-20) 


|a(e)pd^ 


(5.10) 


A / |6p(-='“(")+'^ie3r''(|^||a(6l)X 

= ||Va||.^9+. 

Along the same line, one has 

(5.11) ||a|| j:^l-6c«(r)+2e,3c«(r)-2S A ||Val|^ 0 ,r. 
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In order to estimate 1 / 3 , we apply Bony’s decomposition in the vertical variable to write 

= (T'^ + T"' + R'') (53 (u^ - h^),d(W+) . 

Applying (5.9) with a = 1 — 6a(r) — | + 20, /3 = | + 3Q;(r) — 20, the law of product (see 


Lemma 4.5 of [6] for example) and (5.10) ensures that 

I + f')(4(«' - 1 .'),a,v+) jasv+) _ 


(5.12) 


£=1 
2 

< j;i|(r» + f»)(83(u'-6'),8,V+)ll HP-I -3c<(r)-| 11^3 V+II 

j:jl-6c<(r)-|+2e,| 

t=l 

2 

< E -« 

£=1 

< E 11“'- O'lU. , IIWII,ji3al|V93V+||„.„. 


+3a(r)-26> 


I I|9£V+|| 1 ||V93V+||^a, 

(Bll)h(S2i ^)v (HP )h(B2^,i)v 


£=1 


Applying (5.9) with a = 0, (5 = —^ + |, the law of product, and (5.11) ensures that 


(53 (u^ - 6^), a,V+) I ^3V+) 


i=i 
2 


< 


^ \\R^d,{n^ - 6'),a, V+)||^_e„„+2a,1-1-281193 


(5.13) 


e=i 

e=i 

2 

.e a 


||9£V+||^_6a(r)+2a,l+3a(T-)-2a 11V+1| ^q_ 1 


(41 n 


<Ell“'-'>'ll,.. , l|VasV+||„.,.||V+|| .,a. 

£=l v^2,l/h 1^2,1 

Therefore, by virtue of Lemma 3.5 with /3 = |, inequalities (5.12) and (5.13) ensure that 

l^^3|<||V+||m+|||V53V+||^a, 


, 1 -- 


,l--3 


X (||(r_)“||^f^"^+"^||v(r_)“||;2^ + I|53 V_||J,,j|v53V_||;^,,^,). 
Applying Young’s inequality and mean inequality yields 


(5.14) 


I// 3 I ^^(||Va3V+||^8,. + ||V53V_||^8,.) +C||V+|||: 3^^1193V_||^ 8 , 

+ c^l|v+||^^|||(r_).||"f^''^+^V(r-)d''^''^^ 


• 2 IIL 2 l|vVi-;i|lL2 

The term IR can be handled as above. Indeed we first rewrite it in a symmetric form 

2 

Ih = (25|(-A)-1 ^(a3(«<' + b^)d(W. + d^{u^ - h^)deW+) d^Y+) . 

e=i ^ 
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Then it follows from the estimate of 1/3 that 

\ih\ <(||v+||^i^l + ||v_||^i+|)divasv+||^«, + ||va3V_||^«,) 

X (||(r+).||^i“^"^+"V(r+)r||^;^ + ||a3V+4,.||va3V+||j7i 

+ ll(r-)|||?r^"^^"V(r-)r||^;" + ||a3V_|||,j|va3V_4'i). 

Applying Young’s inequality yields 
1 


\ih\ ^ ^(l|va3V+||^«, + ||va3V_||^.,.) +c(||v+||^i^a + IIV-ll^^.i) 


(5.15) 




,2(1-1) 


|4(a(»’)-l-l-), 


x(ii(r+)r||-^'-d|v(r+).||^; -' + ||(r_).||^r ' " l|v(r_) 
+ci(||v+||p + l|v_r ,^,)(||a3V+||^«, + ||a3V_||^,,). 


|2(i-|)^ 

Il2 ) 


Finally let us turn to the estimate of 1 / 5 . We first decompose it as 

(5.16) 7/5 =((^,h - fth). Vha 3 V+|a 3 V+)^,,, + (v_ • a|v+|a 3 V+)^,,, ih,i + ih, 2 - 

Applying Lemma 3.6 gives 

l/A.I <(l|Vh(»- -+ lia3V+|||._,,„„.,._i_. 


(5.17) 


+ lln^^ - b'^ 




While using Hodge decomposition (2.2), and then (5.5),(5.7), we have 

||Vh(n'' - 6 ’")||^i_3,(,)+9^i_i_, + ||93V+||^i_3^(^^^g 

<ll(r-)||li?“^'’^^^V(r-)r||g + liasv.iil.jivasv.iij,,, + ||a3V+|||,,j|va3V+||J,,,. 

Inserting this estimate and (3.5) with /3 = - into (5.17) yields 


l^4il <liv+||^i.,|(||(r-)r 


|2(2a(r)-ri) 

Il2 


l|v(r_)|||g + iiasv+ii^.jivasv+ii^,. 


(5.18) 


+ ||a3V_||J,,.||va3V_||^V + l|va3V+||^«,. 

2 i'Q(''r')-u I) 1-- — 1—- 

X (ll(r-)rll^l -V(r-)||li 2 ’’ + l|93V_||^,,j|va3V_||^,,-, 


In order to estimate 1 / 5,21 we need the following lemma: 

Lemma 5.2 ((95) of [9]). Let si < 1, §2 < li ■si + 52 > 0 and 0 < ct < 1. Then we have 




(5.19) 1 

This lemma together with (5.9) and Lemma 3.1 ensure that 
|//5,2| ^ ||v_a|v+||^_,_3„„^i^,,_,lia3v+|| 

ni-3i»(0-i+e- 

(5.20) 




<||v_|L,, ||a|v+||^.,.||a3V+|L 


||v_||^i+|lia|v+||^«,.||a3V+||^,_3„„_i+,,_,. 


H 
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This along with the interpolation, which claims that for any function a 


. l_3„(r)-4+0,-0 


(5.21) 


ensures that 


^ J 


1 2 ( 1 --) 

= l|a||^.,.l|Vha||^V"^ 


(5.22) 


1^421 < ||V_||^i+|||5|V+||^«..||53V+||J,J|Vh53V+||^7, 
<||V_|L i^|||a3V+||7,.||v93V+||7,,. 


Hence, by summing up (5.18) and (5.22), we obtain 


l^/5|< ||V+||,i+|+||V_||m^7 Il(r_). 


,2(2a(r)+i) 


l|v(r_)d|g 


+ ||93V+||7,.||V93V+||7,. + \\d^\.\\le,r\\^d^\.W^e.r 

+ ||V53V+||^.7ll(r_).||^f^"^+"V(r-)r||^;" + ||a3V_4,.||V53V_47;,, 


which implies 


\Ih\ ^^(I|V53V+||7,. + ||va3V_||7,.) 

+ c(|h“||^.*z + l|i,“l|^j*j)(|l(r_)illl?“‘’'’"'’l|V(r_)5i|f;) 

+ + \\b^\f^l^g) (ll^sV+ll^.r + ll^sV-ll^.r) 

Substituting the estimates (5.6), (5.8), (5.14), (5.15) and (5.23) into (5.2) leads to 
]-±\\dsY+{t)\\l^e,r + \\VdsY+\\l^e,r ^ j(||V 93V+||7,. + ||Va3V_||77 


+ C'(||tt^||^. 12 + ll^^ir. 1+2 ) (ll^sV+ll^.r + ll^sV-ll^.r) 


(5.24) 


+ c(||>.^|L+5 + ||6“|L,,,)(||(r+)j 


2(2Q(r)+M 


l|v(r+)d|£; 


n „2(1-|) , 1 „4(a(r)+|) 


2 1 
• 1-4-2 ) 


x(ll(r+)r||^f^''^^^V(r+)r|lil' ^^ + ll(r-)||ltf^"^^^V(r-)r|lIl' 

Exactly along the same line to the derivation of the above inequality, we have 


(5.25) 


-||(93V_(t)||7,r + IIVclsV-||7,r ^ the right hand side of (5.24). 


C4| ft. 
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Summing up the above two estimates gives rise to 

±{\\dsY+{t)f^e,r + ||53V_(t)||^,,.) + lIVSsV+ll^,,. + \\VdsY.\\le,r 

^C(||u3||^. + ||63||^’^ 1^0 (11^3 V+||^«,. + 11^3 V_||^.,.) 

..3" _ , II/-3II - ^^"fr+)r||^?“^''^^^^||v(r+). 


(5.26) 


1.3 I 




2 

'Il2 


+ ll(r-)ilir”*'’l|v(r_)5l|f.) +C(||»=>||^J,J +116*111.,!) 
><(ll(r+)jlly“‘'’""'V(r+)illy“'V||(r_)t||")“'’’’+i’||v(r-)illih"’). 

Then Gronwall’s inequality allows to conclude the proof of Proposition 2.2 by noticing that 
I|53U^(O)||^0,,. + 11936 ^( 0 ) ||^e,r < ||li(0)||^l_3c(r-) + IIK0)ll^l-3a(r) ^ ll^^o||i^ + IIJoIIl’’, 


by (2.3) and the Sobolev embedding U ^ H 3«(»’)_ 


6. Proof of Proposition 2.3 

The purpose of this section is to present the proof of Proposition 2.3. Indeed it follows 
from Proposition 2.2 that: for any t € [0,T], 


( 6 . 1 ) 

where 


£{T) • ( / WVdsY+Wl^e.r + WVdsY.f^o.rdt'j ^ 

^ £{T) ■ (IlflofL. + \\jo\\lr)+IIh{t)+IIl2it), 


Iihit) f(r). + ||63||^,^,)(||(r+).||^f 




Iihit) ^^^(r). ( Allu^f + I^2)(||(r+)r|li2 + ||(r-)5lli.)'^“^’'^+-^ 

^Jo P H^^P '2 2 ' 


X (l|v(r+)d|i. + ||v(r_)d|i.)' 


We emphasize that the constants in £’(t) may change from line to line. 
Applying Holder’s inequality gives 


X 


X 


l|v(r+). 

) 

Whdt'] 


i!.2 

+ II&' 

ir.i+2)||(r+)r 

H^ + P 


'l|v(r-)r|| 

hdt'^ 

i'(l-i) 

H^^p 

+ II&' 

f w^)ll(r-)i 

p ^ 


|2(l-|-2pQ(r))^^/'\ 2'p 


,2{l+2pa{r)) 2 'p 
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then Young’s inequality yields 


2 dt' 


( 6 . 2 ) 


+ £{T)[j\\\u^\r,_^,_ + || 6 'ir i^,)(||(r+)5l|^2 + I|(r_).||^.) 


2(l+2pQ(r))^^/'^ l+2pa(r) 




Similarly, we have 

l^^^2(t)| ^ l|v(r+)r||i. + ||v(r_)5||i.dt' 


(6.3) 


+ £{T)(j (llu^f +||63f )(||(r+).||^. + ll(r_).||i.) 


2(l+po(r))^^/'^ l+pa(r) 


For the last term, we get, by applying Holder’s inequality, that 




Ar + llt’r .,P(l|(r+).||i, + ||(r_)jlli.) 

pcic{r) _ 1 

l + 2pQ:(r) l+pQ;(r) 


2(l+po(r))^^/'^ l+pa(r) 


(f {ii“"ir. 1,1 + ii'-’r. .,i)*') 

‘""'uUdKr+jillii + IKrOillLi) 


«’r 1,1 +. 


and the dehnition of £{T) implies 
1 /■* 

£{T) 


2(l + 2pa(r))^^/'^ l + 2pa(r) 


.y3||P ^ ^ _|_ ||53||P ^ ^ l+2paW l+pa{r) 

0 H^^P H^'^P 


pa{r) 


^ £{T). 


Thus we deduce from (6.3) that 

\iii2{t)\ ^ ^ / I|v(r+).||i2 + ||v(r_).||i,dt' 


(6.4) 


+ £{T)( [\\\uY, ,^,)(ll(r+)illL2 + ll(r-)r||^2) 

^Jo H'^ + P H^ + p' ^2 2 / 


'.2 2 

Inserting (6.2) and (6.4) into (6.1) gives, for any t G [0,T], 


3 IIP t 
• 1^2 ) 
H^ + p 


T(r)(^V93V+||^«,. + ||va3V_||^«,.dt')" ^ j 

+ ^(^)(II^oIIl’’ + IlioIlL’’) + £{T)( f (Ik^ir. 1+2 + 

X (ll(r+)r||L2 + ||(r_)r 11^2) 

Then inserting the above inequality into the right hand side of (2.4) gives 

-(Il(r+)r(f)||i2 + \\{r.)r{t)\\l,) + ^ Al|v(r+).||i. + ||v(r_).||i2)dt' 


2{l + 2pa{r)) l+2pa{r) 


l|v(r+)d|^3 + ||v(r_)d|i,dt' 


2(l+2pQ(r)) l+2pa{r) 


<l 


+ i)£(r){||SJ„||l, + ||i„||i,) 


+ £(r)(r(||u’ir .^j + ||6’ir .^j)(||(r+).||ii + ||{r_)£||ii)"'"+"’’“'’'"rft')‘"'"‘'’. 
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Taking the power 1 + 2pa{r) of this inequality and using the elementary inequality 

(a + by ~ + b^, 

for any positive index a and a, 6 > 0, then we obtain for any t € [0, T], 

„ o \ l-\-2pa(r) 

(l|v(r+)5l|i. + ||V(r_)5iii,)rft') 

+ eiT){l‘(\h%i,i + llP|i;.,a){ll(r+)ill?T"’'“'’’" + IKrOilliT'"’'"'’’”)*')- 

Then Gronwall’s inequality leads to (2.7), which completes the proof of the first part of 
Proposition 2.3. 

Finally it follows from Proposition 2.2, Holder’s inequality and (2.7) that 

{\\d3Y+mno,r + WdsY.ml^e.r) + fiWVdsY+Wl^o.r + 11 V^s V_ 11 ) dt' 


<£’(t)(^||Ho|||r + ||io||i>- 




3||2 

2(1-1) 


2 +||6'||\..l 






X (IKr-H)5l|£,oo(£,2) + IKr-)§llic»(^2) j(ll^(r+)§lli2(^2) + ll^(^-)illL2(^2) 


< 


exp(C'£’(t))(||Ho||ir + 


)• 


This completes the proof of Proposition 2.3. 


7. Conclusion of the proof of Theorem 2.1 


By Proposition 2.3, if we assume 

(7.1) r 


1,2 + wbf. 1,2 


dt' < oo. 


we know that all the quantities in (2.9) are finite. We want to prove that all the above 
quantities prevent the solution from blowing up. In order to do so, let us recall the following 
theorem of anisotropic condition for blow up, which is a generalization of Theorem 2.1 of [6] 
for the classical Navier-Stokes system: 

Theorem 7.1. (Proposition 4-1 o/[9]j Let u,b G (^([O, T*[; i7^(M^)) P| L^([0, T*[; iift(M^)) 
solve the MHD system (1.1). If T* < oo, then for any pk,i G]1,oo[, k,l G {1,2,3}, one has 


(7.2) 


E 

kl=l ' 


'»«'‘’«')ii£;, + iia'>‘(*')iiB‘';,)*' = “. 


Pk,l ' 


where Bp ='^ BooX’" ■ 
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Now let us present the proof of Theorem 2.1. Firstly, for any p g]4, oo[, 

max(\\deu^\\B^ + Wdeb^Wsp) < sup2^^2 + p^(||AjU^||i2 + ||Aj6^||i2) 


by Bernstein’s inequality, which implies 

rT 


jez 


< 1+1 + II^^L-a+i 






(7.3) 


max 

is;/<3 


0 


1 + 2 + i + 2 dt' < 1. 

P P Jo H^^P H^^P 


Next, using Bernstein’s inequality and the continuity of Riesz transform in L^, \/p g] 4, oo[, 
we have 


(7.4) 


llVhuL Hi + llVhfeL fe/t' = I llVhVhAj^iSan^IlP^ + 

rT* 


< 

r\-/ 


ll^h^h 1 + 2 + ll^h^h II ■ 1.^2 


2a-1a3||P^ 

i/2 + P 


\\uY.u^ + \\bY.i^2dt'<l- 

p P 


The other components of the matrix Vtt and V6 can be estimated with norms which are not 
of scaling zero, namely norms related to oj and d which have the scaling of U norm as showm 
in (2.9). To proceed further, we first get for any function a 


I A, a 




2‘2il|A>;A;a||i. 


E 

||a||^i_3.M+.,-. ^k{Mr)-e) 2 i(\+e) 

k^j+l,Kj+l 

< 2 ^YMr))\\a\' 


< 


\^l-3a(r) + e,-9, 

because —(4 + 3a(r)) = —2 + 4, this leads to 


(7.5) 


®llBq(r) ^ ||a||//i-3a(r) + e,-e, 


where q{r) As r g]|, 2[, q(r) is in ]|,2[. Applying mean inequality and triangle 

inequality for the Besov norm, then (7.5), Holder’s inequality and (2.8), we deduce that 

[ ll^SWdiv llii + ll^S^div f^ldt' 


rT* 


< 

rv_/ 


^q(r) 

,h 


'q(r) 


l|53(^idiv +^div)llii + l|53(^idiv -bdivYlsZY 


9T) 


Jq(r) 


'q(r) 


= r l|VhA^‘8|V+!l|<;;( + ||V,,Af‘8|V_|||(,(<i(' 

^ 0 


£ + Yy.^^^dlY.fP-3.irne,-edt' 


{T 


*\1 — 


g(^) 


\\dlY+\\Yr + \\dl\-\\Yrdt 


iM 

A 2 <1 



CRITICAL ONE COMPONENT VELOCITY REGULARITY CRITERIA TO 3-D MHD SYSTEM 


21 


For the rest terms, firstly we get 

II VhIIcurlllBq(j.) “1“ ll^h^curlllt?q(r) ^ll^h(llcurl ^curl) “1“ ll^h(l^curl ^curl) 

=||VhVi^A-ir+||f5^„ + ||VhVi^A-ir_||B,(,, 

~ll^r_|_||^_3a(r) + ||Vr_||^_3a(r) 

^ll^r+llir + ||Vr_||2,r, 

by (7.5), continuity of Riesz transform in L'p, \/p €]l,oo[ and the Sobolev embedding U M- 
jj-Za{r) ^ Next, we use anisotropic Bony’s decomposition and Bernstein’s inequality to get 

||A,93«h ± < E l|A,A^Ap3Vi^A-i(a; ± d)\\L^ 

k^j+l,l^j+l 

(7.8) < ^ 2^^~~^'>2r\\d^[ijj±d)\\L^ 

k^j+l,Kj+l 

< 1153 ( 0 ; ± d)||L^. 


Recall q{r) = we find that —(^ — 1) = —2 + Thus (7.8) actually leads to 


(7-9) l|53(licurl ± ^curl)llB,j(,) < ||53(o; ± d) H^r . 

Combining (7.7) and (7.9) gives 

(7.10) 


<||vr+||i. + ||vr_|U. 

<||v(r+)d|^2||(r+)d|£;E||v(r_)d|i2||(r_)d||,-\ 


where we used (3.3) in the last step. Then combine (7.10) with (2.7), we get 


(liv»E„,,(t')iig;> + iiv6E„,,(t')iig;> )*' 


q{r) 


^q{r) 


'q{r) ' 


(7.11) 


<(T*)(i-^)||(r+). 


iiWdi-i) 

§llL°°([0,r*[;L2) 


l|v(r+)d|i,dt') 


q(r) 


+ (r-)<>-“!?)||(ro=ll£’|‘„>l[Ti(r ||v(r_)jlli.<ir) 

^ 0 


g(^) 

2 < 1 . 


Together with inequalities (7.3), (7.4), (7.6), (7.11) and Theorem 7.1, we conclude the proof 
of Theorem 2.1. 

Acknowledgments. This work was done when I was visiting Morningside Center of the 
Academy of Mathematics and Systems Sciences, CAS. I appreciate the financial support 
from MCM. I also would like to thank Professor Ping Zhang for guidance and careful reading 
of the preliminary version of this paper, and Professor Zhifei Zhang for some enlightening 
comments. 


References 

[1] H. Bahouri, J. Y. Chemin and R. Danchin, Fourier analysis and nonlinear partial differential equations, 
Grundlehren der mathematischen Wissenschaften 343, Springer-Verlag Berlin Heidelberg, 2011. 

[2] J.-M. Bony, Calcul symbolique et propagation des singularites pour les equations aux derivees partielles 
non lineaires, Annales de VEcole Normale Superieure, 14 (1981), pages 209-246. 



22 


Y. LIU 


[3] C. Cao and J. Wu, Two regularity criteria for the 3D MHD equations, J. Differential Equations, 248 
(2010), 2263-2274. 

[4] J.-Y. Chemin and P. Zhang, On the global wellposedness to the 3-D incompressible anisotropic Navier- 
Stokes equations, Communications in Mathematical Physics, 272 (2007), pages 529-566. 

[5] J.-Y. Chemin, M. Paicu and P. Zhang, Global large solutions to 3-D inhomogeneous Navier-Stokes 
system with one slow variable, J. Differential Equations, 256 (2014), 223-252. 

[6] J.-Y. Chemin and P. Zhang, On the critical one component regularity for 3-D Navier-Stokes system, 
arXiv 1310.6442 [math. AP], Annales de I'Ecole Normale Superieure to appear. 

[7] J.-Y. Chemin, P. Zhang and Z. Zhang, On the critical one component regularity for 3-D Navier-Stokes 
system: general case, arXiv: 1509.01952. 

[8] M. Paicu, Equation anisotrope de Navier-Stokes dans des espaces critiques, Revista Matemdtica 
Iberoamericana, 21 (2005), pages 179-235. 

[9] K. Yamazaki, On the three-dimensional magnetohydrodynamics system in scaling-invariant spaces, 
arXiv 1409.5174 [math. AP]. 

(Y. Liu) DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF SCIENCE AND TECHNOLOGY OF CHINA, 
HEFEI 230026, CHINA 

E-mail address: liuyanlin3.14@126.com 



